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SINE WAVES

To start our review of trigonomaetric transforms we
‘will present a convenient and often illuminating
representation of the sinusoid and of the co-sinusaid
waveforms. We first recognize that there is 2
one-to-one correspondence between an ordered pair
of rea) numbers, 2 point on a plane, and a vector
jeading to that point on the plane, We wil! reserve
the option to use any of these interchangeably as
the need arises 10 aid our understanding of the
transforms,

Let us examine the paint on the piane R »e*id. As
indicated in Figure 1, the point can be decom-
posed into components in each of the two coordi-
mates, X and Y, where

X = Rcosd
Y = Rsiné.
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Figure 1.  Mapping of the Point R e*i®

We use the standard convention that pasitive angles
are measured counterciockwise [CCW)} with respect
to the X axis, and & is identified as an angie in
radians if it appears as the argument of a trigono-
metric function.

We sometimes denote the vector (or point} in the
form of an ordered pair of real numbers of the
form

R e*if = [R cos (6}, R sin (8],
Recognizing that the order is important, we some-
times label the ordering and ¢all the compiex pair a
complex number of the form

Reti? = Rcos{8)+|R sin {6).

Note the *'j serves as a label, identifying the
companent associated with the second position of
the ordered pair.

We aiso observe that R e—if can be represented by

Re-i€ = Rcos(-6) +] R sin(-8)

= Rers(f) -~} R sin{f),

which is indicated in Figure 2.
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Figure 2.  Mapping of the Point R e~/?



It may happen that # is an angle that varies linearly
with time. that is, # = .t so that at different
aorrIs in time the point ior vactord igentified Dy
8 aj—1 will be found at different places on the
olane, This is indicated in Figure 3.
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Figure 3. Mapping of the Point R efet for distinct
values of ¢

The components into which we can decompose the
point R eiwt are also time varying, that is,

R eiwt = Recos (wt) + j_H sin {¢ewt)

Classicaily, a vector is not allowed to spin, so we call
a spinning vector, a phasor. But for our discussion,
we will use the rather descriptive name of rotating
veetor and we will talk about R elwt as a vector of
length R and spinning CCW at a fixed rate of w
radians per second. We observe the vectors R e*jwt
and R e-iwt spin in opposite directions. By simple
vector addition, we compute the sum and difference
of these counter-rotating vectors as

R ejwt + R emiwt = 2 Reos {wi)

A eiwt - R e=iwt = 2jR sin{wt),

) eiut
/
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Sum and Difference of R e/t g
R e"jfa‘t

Figure 4.

from which we have Eulers’form of the trigono-
metric functions
ghwl + pmjust
2

glw! o g-juct

2 '
From this point, when we say cosine or sine function,
we should visuaiize 3 pair of counter-rotating
vectors, Thus A cos {wt) is a pair of vectors each of
length A/2, one rotating CCW {from positive real to
positive imaginary}, the other rotating CW (from
positive real 10 negative imaginary). A very
convenient scoreboard 1o assist in this visualization
is presented in Figure 5.

cos (ot =

sin [wot) =

27
Figure 5. Scoreboard representation of A cos(wi)

The position of the vectors on the w/27 axis
indicates the rate of spin. Thus the vector at wg /27
is a vector of length A/2, spinning in a CCW
direction at a rate of w, radians/second, and the
vector at ~wq /27 is the same length vector spinning
in a CW direction at the same rate. The use of the
w/27 coordinate anticipates work we will be
examining shortly. We aiso recognize that since the
vectors are rotating, the scoreboard represents a
photograph at a given instant of time. Figure 6 isa
representation of A sin {w1).

[=]

o —
-
an

27

Fignre 6. Scoreboard representation of A sinfuwt)



We note if we allow the sine vectors to rotate a
quarter of 3 turn, and then photograph them, we will
mave the cosine vectors. Thus, the distinction
between the cosine and the sine wave is our
definition of the time origin and we see time deiay
as phase shift applied to a sine wave. See Figure 7.

/. /.

Figure 7. Sine und Cosine Wave Distiuguisbed by
Time Origin
Suppose we have & waveshape composed of both a
sine and a cosine wave? Then it is of the form

A cos{wt) + Bsiniwt),

which on our scoreboard has the representation
shown in Figure 8,

FI

Figure 8. Scoreboard for Acos(wt) + Bsin(wt)

But we observe that the ordered pair associated with
the rate of change of angle w can be written as

(5-,-2-) or as R cos{@) +i R sin{¢) = Rel®,

2

B! 2 -1
where R = \/(%} + (%\ and ¢ = tan (— %)

so that an alternate representaticn for Acos{wt)
+8 sin {w?) in terms of the compiex amplitude of
the rotating vector is

R ei¢ aiwtl + Re=i0 e-jwl,

See Figure 8,

2

Figure 9. Scoreboard for R e/9 ]t 4+ R €™ jo jmjwt
EVENNESS AND ODDNESS

Another useful tool which we will be using to our
advantage is the concept of the even part and the
odd part of a function.

For a real function h{t) to be even, hit) must satisfy
hit} = hi-t). That is, when we rotate the time axis
about the origin, we should see the same function.
See Figure 10 for exampies of an even and a
not-even function.

hit

gi=t}

NOT-EVEN

Figure 10, An Even and a Not-Even Function



For a real function hit) to be odd, hit} must satisfy Every function can be decomposed uniquely into its

hitt = -hi-t} That is, when we rotate the time axis even and its odd parts.

about the origin we shouid see the negative of the From hix) = Evix) + Odix}
ongingt function, See Figure 11 for exampies of

an oad and a not-odd function. hi=x} = Evi-x} + Od{~x)

Evix) - Qdix],

hit) we derive by addition and by subtraction

] hi{-
/] Euix) = DXL *_REX)
2
- t h - hi=
l/ Odix) = Mx1 - h=x)
2
See Figure 12 {for an example of this decom

position,
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Figure 12. Decomposition to Odd and Even

Figure 11. An Odd and a Not-Odd Function Parts of b(t)



We observe that if hit) = eiw? then

ot -jw1
Euly) = gwl ® e < costwt),

2

elwl - g-jwt

2

Od(t} = = | sinfwt),

or that the cosine and sine functions are the gven and
the odd parts of tha complex sinusord.

FOURIER TRANSFORM

We define the Fourier transform by a pair of
integral operators of the form
o

H{w) = f

-t

Fourier transform hit} e~iwt dt,

inverse transform
— -]

We note that since the inverse transform is an
integral with respect to dw/2r (actually df; oh,
that's why the scoreboard has units of w/2n!}
another equivalent form of the transform is

Fes
f hit) e=i 27/ dt

-

Hf =

=

f Hif) e*i 23t of.

-t

hit) =

We will use either definition according to our needs
and whims. Notice that since the argument of the
compiex exponential must be dimensioniess, the
two components of the argument must have
reciprocal units such as

t (sec.) = [ {sec.m1 or Hz)

A (fr.} - x {ft.=' or wave number),

in some applications, such as multi-dimensional
transforms with input variables having the same units

hit) = [ Hiw) e*iwt dw/2a.

such as x, y, and z, the output variables are denoted
i, i, and Wz,

We note that there are a number of conditions
which must be satisfied to assure existence of the
transform, These conditions are fairly easy 0
visualize, and include finite power ({sguare
integrable}, and finite variation (finite length curve
in a finite interval). The introduction of generaiized
functions, such as impulses, relaxes the first
condition. For most applications of angineering
interest, a sufficient condition for existence is simply
{the barris condition} “1f you can draw a picture of
it, its transform exists!™ This is 2 sufficient but not
necessary condition, because there are obviousiy
functions we can not draw, such as those with
non-finite support [e.g. e~%u(t)], that do have trans-
forms. Bear in mind, of course, that for any machine
processing, all conditions for existence are satisfied.

Now let us examine one of the significant properties
of the Fourier transferm, that property related to
even and odd parts of a function, We will use this
information o realize considerable computational
savings in addition to those realized by use of the
fast Fourier transform,

SIGNIFICANCE OF ODDNESS AND EVENNESS
Let hit} be decomposed into its even and odd parts

hit} = E{t} + Ol),

then its Fourier transform is easily seen to be

e
Hijas) = f hit) e~jwt dt

—

$on

=, _} [E(t) + Oft)]] cosfwt) - | sinfwt)] dt

—

-

./'

—

[E{t) coslwt) = jO(t) sinlwt) +

Olt) costwt) - jE{t) sin{wit}] dt.



But D{t) cos(wt}is an odd function,
Eit) sint.t) s an odd function,

then tne integrals

o

/‘ E(t} sin{wt} dt = 0

e

-0
[ ot cosfwnt ¢t = 0

—

and Hijw) =

+ oy
| Ett) cosiwt) dt - [ Oft)sinfwt) dt.

-
-—

it follows, then, that the transform of a resi, even
function is reaf and that the transform of a real,odd
function is imaginary.

But there is more {much more)!

Cbserve
e
Helje:) = fE(t} coslwtidr
L]
Hel-iw) = [ El0) cos(-widt
o
= fE(t} coslwijde,
from which we see that Hgljw) = Hgl-ju} or

Heljw] is also aven,

Also,
Holiw) = =i [ O sin twt at
oy
Hol-iwh = =i [ Ot sin (~wt) et

Lo -
+j f Oft} sin {wt) dt,

-l

from which we see that Haljw) = ~Hai=jw)
B O C
Hoiaul is aiso odd.

Since the transforms are linear, muitiplication by
constant in one domain is equivalent to multiplyil
by the same constant in the other domain. if i
constant is }{\/:1_], then when we move a rea! functi
into the imaginary piane, its transforms similar
move! These relationships are depicted Guite grap
icalty in Figure 13, after Bracewell (Reference
pa. 154

Given hit}, we can find H{jw} by
L -]

Hijw) = f hit) e=iwt dt.

-

Now, suppose we examine the even part of h(

helt), then the reat part of

Hijw) = I halt} e~jwt dt

-y
Heliwh = [ hettl costwn) at.

- ]

Again, our instructions: for each value w,
w = i, take the product of helt) with coslw,!
find the area under the product; that area is exact
equal 1o Heljw,).
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Figure 13a. Even, Odd Relationships of the Fourier Transform
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Figure 13b. Even, Odd Relationships of the Fourier Transform



For example:

cos {wp})

hettl stos {wot)

Wi N

Figure 14a. Product Terr, b,(t)cos(wet)

We can see that & w increases, the proguct
helt} ® cos wt has vanishingly small are2. {This is
related to the convergence of the integral and hence
to the existence of the transform.}

For real world functions, the area for large w does

go to 2ergQ; hence, the Fourier transform goes 10 zero
for iarge w.

Again, after Bracewell, we present in Figure 15 a
graphica! interpretation of an evolving (with w!
wransform (Reference 1, page 20).

Figure 15. Area Under Product as a Function of «



A similar sequenge can be drawn for the odd part of
the function; hence the imaginary Dart of the

wransform.

Let us examine the Fourier tansform of a very
simple function, the rectangle pulse. We use this
function as an example because we witl need this
transform for later work,

Let h{t} be the time function indicated in Figure 16,

} hit)
i

- 1

=Ti2 0 T/2
Figure 16. Rectangle Pulse

then the Fourier wansform of hit), H{w), is seen o
be

S0
[ hiw 19t
T2
= | nwel@ta
-T/2
+Ti2

= JLOe—iutdt
=-T/2

. 1 = T/2
1 g-iwt
j t = =T/2

M{cea)

e+inf2 - e-iuT/’? ‘

1

Multiplying and dividing by T/2, we have

e*iuT/2 _ e-le}'Z

Hiw) = T
2i wT/2
= T 51N {(.JT-"2}'
wT/2

10

We note for later use that this function is called the
sinc kerne! The kernel has zeros at each value ot w
for wwhier the numerator has a zero except the
values corrasponding to zeros of the denominator,
The numerator has zeros at thaose values of w

satisfving
T .
wz = k 7 for all integer k,
orw = 277
-.T, --2 T r —-3 T r

At k = 0, both the numerator and the denominator
have zeros which make the evaluation indeter

minant. But we can resort to Taylor series or 0

tn x

L’Hospitai's rule to determine that s_;_ evatuated

at the origin is unity, so that the kernel evaluated at

the origin is T, the average vaiue of the puise. A
typical sinc kernel has the form shown in Figure 17,

i
S
~ A v’_\ )
s ] e 4
L e g 3 L 3 £l
T T T T ¥ T T T
Figure 17. Transform of Rectangle Pulse,
Sinc Kernel

FOURIER SERIES

If h{t) is periodic in T, that is, if h{t+T) = h{t for
all 1, then at each point of continuity h{t) can be
expressed by

]

hity = ch etient,

—lt

where w, = %: n,
+T/2 ]
- Wil
and where ¢, = .TF f hit) e F=nta.
~T/2



We note that cn is the complex coefficient of our
scoreboard which associates an ordered pair of real
numbers with each vaiue of wn/2m. We also note
that the above integral is of the form defining Hiw)
for the Fourier transform. Thus for real h{t}, cp
also decomposes into real and imaginary
components with the real part exhibiting even
symmetry and the imaginary part exhibiting odd
symmetry; that is,

Re{cn]) = Relc-n]
Imfca] = =Imic_,].
which is equivalent to

Cn = an + bn

Can ® an - jDn.

See Figure 18.

' Cy
&
e
Figure 18. Fourier Series Coefficients on Frequency
Axis
By simply reading the resl and imaginary

cormponents of the complex coefficients, we have an
alternate, but equivalent definition of the Fourier
series ;

o0

hit} = ao + -

2a {w,t
. n coslwpt)

i

+ 21 2 by, sinfwq 1),
n =

: +T/2
T f hit) cos (wqt) dt
=T/2
+T/2
% =3 [ i sintwa o
-T/2

where

Returning to the first definition of the Fourier
series and applying it 1o the simple periodic square
wave as shown in Figure 19,

i niv
. 1.0
" — " : -1
=T -1/2 O T2 «T
Figure 19. Periodic Rectangle Pulses

! +T/2

h T h{t) e"Iwnt ¢
-T/2
. +r/2
= — hit) e-iwnt
T (t) e at
-r2
. Tt = /2
1 e-lwnt
T —iwn
t = =7/2
1 etiwnt/2 _ e—iwn7/2
T jwn
Multiplying and dividing by 7/2, we have

- eHwnr/2 _ e-iwn?/2

T 21&.:'11’

r sinlwnr/2)
T ez
sin{={r/Tin]
{={#/Tin]

= {r/T}

For {7/T) = 0.1, the scoreboard representation of
te Fourier series coefficients is presented in
Figure 20.

i Re

s

)

ot
Figure 20. Fourier Series Coefficients for 10%
Duty Cycle Square Wave of Figure 19

1"



SAMPLING THEOREM

The two integrals defining entries for our scoredcard
wera the Fourer transform

e

Flw) = j h(t) e-I@t dt,

-

and the Fourier series coefficients

+T/2
Cn = =— h(t) emiwnt dt.

L

We observed from the two examples that the
application of the two integrals lead to functions
and to sequences which bear a striking similarity. In
fact, we will now concentrate on this similarity and
construct the detasils of the sampling theorem.

Notice we can write the second integral (frof
above} in the form

$7:2

Ten = / h{t) e-lwt dt]
-T/ 2n
T/2 w = wn =__;

in this form it is apparent that the Fourier serie
coefficients of a periodic wave are merely tie
uniformly spaced samples of the Fourier transtor
of the nonpericdic version of the same waveshapp
We further note that for periodic replicatd
separated by intervals of T seconds, th
corresponding sampling of the Fourier transform
occurs at uniform spacing of multiples of 1/T, Se
Figure 21,

We can play this game from a number of starting
places. We can have a nonperiodic function, hit)
and its Fourier transform, H{f), We can then sampk
Hif} and recognize that the sequence of sample
corresponds to the Fourier series of the periodically
extended version of h{t}, See Figure 22,
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Figure 21. Relation Between Sample Spacing and Replicare Spacing
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Figure 22.

12

Relation Between Replicate Spacing and Sample Spacing



We observe that the two spacings are reciprocally
reiated: that is, if we increase the spacing in one
domain, we decrease it in the ather domain.

Thus by taking samples in ane domain which are
arbitrarily close, the replicates in the gther domain
are arbitrarily far apart. Then, by increasing the
spacing between samples in one domain, the
replicates in the other domain mave closer together.
We may wish to control the sampie rate so that the
replicates do not overlap. This is accomplished by
simply reguiring the replicate spacing to exceed the
width of the function being replicated; that is
equivalent to requiring the sample spacing to be

hiz) SAMPLED
3 Re

)

smaller than the reciprocal width of the replicating
wave. Note, it may not be possible to avoid overlap
because the function being replicated is not of finite
width. The overlap between periodic replicates is
known as aliasing, or foldback of the replicates.

Finally we note, given a Fourier transform pair, we
can sarmpie in sither domain, and those samples will
be the Fourier series coefficients of the periodic
extension in the other domain. Also, the samples
may be taken sufficiently close together to avoid
unacceptable overlap of the periodic repiicates. An
example of this operation is shown in Figure 23

Hif)

H{f) REPLICATED

Figure 23. Sampling and Replicating in the Two Domains
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We note that for every sequence of numbers {real or
complex), there corresponds 2 periodic waveshape
which can be constructed with that sequence being
the Fourter series coefficients. Then, given a signal
hit), with transform H{j}, we can uniformiy sample
hit} to obtain the sequence hinT} which is the
Fourier transform coefficients of the periodically
extended version of H{f}, denoted HTI(f), where
HT{/} is

L]
- ’? hinT) e=i2mf(nT).

T3 B

This can also be written as

-
N hin) e-ifn,
]

M=

HT{6) =

where 0 = 21:;31 the frequency coordinate
H

normalized by the sample frequency fs, where
fs = 1/T. See Footnots.

FINITE FOURIER TRANSFORM

We ogbserved that the periodic and coordinate
normatizec Fourier transform associated with a3 set
of time samples, hinT), or simply hin!, couid be
written as H+(6), where

Hel@) = O hn) s=ifn

s —

-r< 8 <7

Of course, for machine computation of the
ransform we must Jimit the number of samples hin)
10 some manageable finite number. S0 we now
define a finite Fourier transform by

+N
S‘ nin) e-ifn

s
n==N

H{g} =

Otien the origin must coincide with the start of the
sequence, and for this constraint, the finite Fourier
transform is gdefined as

N-1
Hg) = > hin)emién
n=0

FOOTNOTE: In numerpus other presentations, the
same summation is derived as an evaluation zlong
the unit circle of the Z-transform of the sequence
hin). That is,

-t
H{z) = Z hin) 2=,

bt T

and H{8} = H(z) .
z = eif,

The Z-transform is valuable because it relates the
Fourier series to the Z-transform in the same
manner the Fourier transform is related to the
Laplace transform. This is very important for
developing insight into the dynamics of linear
systems. Our approach to this derivation was
directed towards the rapid understanding of the fast
Fourier transform. We now apologize for not having
sufficient space or time to re-derive these results

14

from the linear systems approach., We justify not
doing so because of the avaiiability of the many
excellent texts which do start at the linear systems
level. We mention however, that it is heipful to think
of the perindic transform as being 3 compiex-valued
function defined aiong the perimeter of the uni
circle. See figure below.

Periodic Function Defined On Unit Circle



WINDOWS
We defined the finite Fourigr transform by

+N
S hin) eifn,
r==N

H{g) =

We could just as properly have defined H{8) by

o
N windhin) e=ion,

Na—oo

H{g) =

where w{n} represents a window through which we
ohsarve hin), and it is this window that restricts the
definition 10 a finite number of terms. Alternately,
we can consider h{t) windowed by wit} to realize
[ hitiwit} ], and this nmew function with it new
transform is the one which is pericdicaily replicated
by periodic sampling. Hopefully, the new
{windowed} time function has a transform which is
in some useful sense close 1o the transform of the
unwindowed function. Some windows are better
than others, First jet us examine how the

application of the window 0 hi{t] affecrs the
transtorm H{7}.
We define My !f) by
b=
Hwit = [ hiw(t) emi2 7t g
E- -]

and we define the inverse Fourier transform of the
signat hit) by

R

hit) = f Hif} e*idnrt gf,

-

Substituting for hit} in the definition of Hy(f), with

x being a dummy variable, we have

HE e s2axe -j27tt
Hw{f] --/ inx)e dx witle dt
-l -

o0 oo
—jdn{f-x)t
Hix} wit) e dx dt

L] =m0
~j2m(x-ft
= Hix) wit) e dt dx
- )
ey
Hix} W(f-x) dx,

by

which we recognize as the convolution integral.
Thus the Fourier transform of a windowed function
is the convolution of the unwindowed function with
the Fourier transform of the window function, We
recognize convolution as a running weighted average
or as a smoothing and smearing operation. Mast of
the significance of this smearing can be observed by

.comparing the scoreboard representing the Fourier

series of a sinusoid with the scoreboard representing
the Fourier transform of a windowed sinusaid.

Consider the sinusoid defined in Figure 24,

N AN N A
_m\/ \/lv \jm

Windowed Co-sinusoid

Figure 24.
then,

b ]
-j2nrft
H{f) = fh{t}e dt
i

15



Hir= / cos{27i th & dt

+j27f t —i2nf.t  -i27it
/ eI €+ ej c el dt

-T2
+T/2 +7/2

2
~T/2 =-T/2

i —i2m(f-f A —27(f+1
- j_;_eJZ( LI j %el (feight

sin 2 (§-F)T/2) | 1 o sin{27(f+1.)T/2]

T 7
(27 (£ T/2] [27{£+£1T/2]

r

l
2

where the window far this example is the unit
rectangie of width T, far which the transform is

sin{2nf7/2) .
(27fT/2}

We see that the original unwindowed transform
{Fourier series} scoreboard was a set of reai
numbers located at *f.. See Figure 2B8a. The
transform of the window was of the form sin x/x,
see Figure 25b, and ihe windowed transform was
of the form two sin x /x, each transiated to =f¢ and
weighted by the 1/2, see Figure 25¢c.

It is easy to see the effect of the window is to
replace each Fourier series coefficient of vaive cq
by the transform of the window scaled by the
coefficient cp.

Windows become important when the processor is
trying ta resolve {or estimate) the amplitude of a
number of spectral components in the presence of
others. To demonstrate this, suppose we desire 10
resolve the two sinusoids in the signal

10Q.0 cos{2=f, 1t} + 1.Qcos(27f.1),

16

Figure 254. Unwindowed Transform

Figure 25b. Window

Figure 25c.  Windowed Transform



The Fourier series spectral scoreboard of this signal
is presented in Figure 26.

i Re 50.0

Figure 26. Fourier Spectra of Cosine and Windowed
Cosine

When we examine a finite amount of the signal, say
T seconds worth, through the rectangle window, the
transform becomes the pair ‘of sin x /x located at
each spectral iine location, Obviously, if f, resides in
one of the side lobes of the ‘window located at f,,
there is no hope of finding it! The selution, of course,
is to select windows whase Fourier transform have
low side-lobe levels, But this leads to an interesting
conflict. It is easy to demonstrate that the rate at
which the envelope of 3 Fourier transform can fall
is related to discontinuities of the originai function.
If the n-th derivative of a function has a discon-
tinuity, then the transform of that function falls

jike One approach 10 good window

winrit’
selection is to pick windows with discontinuities in
the higher derivatives,

The rules of the game are:

1. Windows with smoother behavior in
the tme domain exhibit smoother
behavior in the frequency domain,

2. Windows that are smoother in the time
domain tend to have narrower time
duration (i.e. smaller rms time width).

3.  Windows that are narrower in the time
domain tend to have wider bandwidths
(i.e. greater rms bandwidth),

4, Convolving with wider spectral width
windows will impair the ability te
rescive close spectral components.

See Figure 27.

Specific examples. and performance of classic
windows will be presented after the details of the
fast Fourier transform are examined.

DISCR ETE FOURIER TRANSFORM

We have gone through a sequence of manipulations
on a signai hit) and its transform H{f). These
include, windowing, so that a finite amount of data
is processed, and sampling, so that a certain type of

machine can perform the processing. These
considerations lead us to the finite Fourier
ransform , which is of the form

N-—-1

H(9) = hin) e=ifn,
n=0
N-1
or Hi) = D hinT) g2 Tn
n=0

Notice that H{f) or H{#) is still a continuous and
periodic function, But for machine computation, we
must setect the values of & or [ for which the
computation is 1o be performed. In fact we have to
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=T 0 T 0

Figure 27.

sample the continuous and periodic Fourier trans-
form. A reasonable set of 8's or f's at which to
sample the Fourier transform are N equally spaced
samples over one period of the transform, Thus
/

g = %-;r-k, k=01 2....N-t,orf -% k, same
K's, so that the sampled finite Fourier transform
has the form

27 .
H{fk) = H{—=k
{6k} {N )
N-1 .27
—j=—k n
=Sh(nT)eIN :
n={

Now, denoting hi{nT} by hin) or hp to suppress
dependence upon time, but not upon the index n,

18
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Sequence Showing Smootber Windows, Smootber But Wider Transforms Hence Increased
Difficuity in Separating Spectral Lines

and denoting Mi{fk) by Hik} or Hx to suppress
dependence upon angie, but not upcn the index K,
we have the form

-t i'z-'zk n
Hik) = S hin} ¢ N .
n=0

Before we sampled M(8) to obtain H{fy), we had a
vehicle to rewurn from the periodic Fourier
transform to the time samples; it was the integral
transform of the Fourier series. We now address the
question, given the N samples of H(8}, is it still
possibie 1o return to the original time samples? And
the answer is yes! This is one reason for selecting
N samples of the transform. Since we started with N
sampies of data, the transformation is invertible.



One way 1o arrive at the inverse transformation is
through a simple matrix inverse of the original
transformation, We note that for each value of

@ = 8 = % k we have one eguation of the form

N=1 27
_]—-—k
Hg = z hne N
n=0
27

. . |
For the benefit of the typist, we define W = ¢ N,
5o that the summation has the form

N
Hk = z

n=0

1
hp WK |

The collection of eguations ¢an be represented in
compact form as a vector matrix eguation of the
form

-

ao wn "a wu B + Ho {N~1} hO
R’y W oWl e e 3 n
;4 Ua wi wh Pasesmran wilN-1} "
2 - 2
1 t
t : ' : H
oL IN-L} 20=1) L, e (=1} (Ne1} _
.Hﬂ-l .“' " d " . -h':q-;;
27

where W = @ N,

This coilection of equations represents a mapping
from a point in N space to another point in N space.
The mapping is represented compactly asH = ¢ h.
It we were to invert this mapping, we would be
solving for the hn's in terms of the Hi's. The inverse
mapping is represented compactly as h = = H.
The ¢ matrix has some very unusual properties;
these include orthogonal rows and columns. From
the matrix theory, we find the inverse is (within a
muitiplicative constant) equal to the original matrix,
conjugated and transpesed. But since the matrix is
symmetric, all we need to do is conjugate and divide
by a8 constant. The constant happens to be the
determinant of the matrix,

Then,
hﬂ 1 1 e i Ky
hy 1wt Wi L. et My
-3 el =7 (N+1}
he . 1 oWt L, :r 1_:2
* “r - H :
] 3 L H
E 1 H t
1 H )
- (- - - - -
h'n-l., L"" " (%=1} " -y N 8=l (m=1) Ny

It i rather simple to demonstrate that this is the
correct inverse from which we arrive at the
interesting expression

1 %ﬁH 2 kn
k=0

We thus have the discrete Fourier transform pair
which we compare now to the continuous Fourier
transform pair;

4 1

N- ,
S, R
Hi = hn e
n=0
Discrete <

1 +i-2--«'-r kn

Hig e N

Hm>-[murwtm
Continuous

1 .
(t} . [H(u] e dw

INTERESTING SIMILARITY!

We also note that except for the scale factor (1/N or
1/27), the forward and the inverse transforms are
identical, if we consider the conjugation as a trivial
operation,
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Figure 28a. Seguence of Operations to Obtain DFT
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Figure 28b. Sequence of Operations to Obtain DFT
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Notice the evolution of our development! which corresponds to  one aperiodic  discrere

sequence and 10 ong periedic continuous function,
Fourier tramsform pair:

+o0

1 . hin)
hit) = — f Hiw) eM1«tdw, c
2n
e
e _ ! i Lot
Hiw) = f hit) et dt, B \v4 i
p—_—_ .}
. " . - hig)
which corresponds to two aperiodic continuous
functions.
aant’)
[ hit}
Discrete Fourier transform pair:
: N-1 . 2w
1 +j == nk
7 {L 7 -1 htn}=*ﬁ- thk)e]N
k=0
N=T --jgN2 nk
 hie) ' HiO = D hine ,
! n=0
'i
!
!. ¢ which corresponds t© 1two periodic discrete

sequences!

Fourier serias pair:

1 T
hn} = == f H{8) e*iOn dp
2 2 + hik)
_
H©) = > hin)emifn,

22



We can determine the number of computations
required for the discrete Fourier transform Dy
examining the matrix description of the transforrm,

(e, | 1 1 1 1 1 e, ]
Ry 1 wlow? wind ny
2,y r oWt w? (8=t hy
A P W3- hy
O I L Vb I

Each element of the output tolumn vector {Hm)
requires N compiex multiplications and N comglex
additions. There .are N elements in the output
vectar, hence we require N? complex additions and
N? complex muttipiications.

Recall that a complex multiply is of the form
{ab) e {c,d} = (ac-bdad+bc);

hence & complex multiply is actually 4 real
multiplications and two real additions.

Similarty, a complex addition is of the form
{a,b} + {c,d) = (a+¢,b+d);
hence a complex add is actuslly two real additions,

The total computation icad is then N complex
multiplications and N? compiex additions, or 4N?
real multiplications and 4N? real additions.

Now, let us examine the discrete Fourier transtorm
of the sample set hin} = 1.0, n = G, 1,.. . N-1.
This is effectively the DFT of the sampled rectangle
window.

N-1
? hin) e=ifn.

A=0

H(g) =

N--1
= Z e“"ien
n={

= 1+e-ifn 4 e=i20n 4 4 e-iiN-1}8n

= t+emifne | +e=i{N=T16nypo-iNOnL
~[e-iNOny ],

but 1 +e-ifnse-i2fny = 7 L_jg, the ciosed

form of the geometric series.

Also -INOT 4 g-itN+110n 4 o €Y
1 = e-if
50 that
1 =il
HB) =
1 - e-if

{e-i(wzw\/ﬁmme — o=j{N/2)8 )

o-i11/2)8 /\ g+i{1/2)8 _ ¢-j(1/2)8
o N=1 sin{(N/2)8]
"(e"[ 2]9> <sin[mz)e]

)

Note e j[ 70 s the phase-shift term of the
transform, and the sin[{N/2}8)/sin{{1/2)8] is the
amplitude term. Let us examine the amgpiitude term,
We note here that this term is calied the Dirichlet
kemel. The kernel has zeros at each value of 8 for
which the numerater has a zero, except at those
values corresponding to 2eros of the denominator.
The numerator has zeros at those values of &
satisfying

for all integer k,

o 27rk . 2% 1
r T ——— = — — ,
) " ,oratw TR

where 8 = — k,

NG k
A = T
2
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The denominator has zeros at the values of &
satisfying '

& o
@
1
~
=l

or 6 = 27 k.

Thus the Dirichlet kernel has zeros at equaily spaced
increments %& apart, except at the origin and
multiples of 27 away. |f we recail our concept of the
periodic function being defined on the unit circle,
we see the points 27 apart are the same paint. We
can resort to Taylor series or to L'Hospital’s rute to
determine that sin{Nx)/sin x evaluated at the
origin is N, the number of points in the original
sequence. The kernel has the form presented in
Figure 29.

Figure 29. Dirichlet Kernel

We note that the kernel is the periodic replication of
the sinc kernel. ’

Now we must sample H(f) at 6 =-2-£k to obrain the

output of the discrete Fourier wansform. But the

sample points at %—:-k coincide {except at the origin}

with the zeros of the kernel. Thus the sample set
H(k) is the collection of points shown in
Figure 30. Note that linear interpolation between
sampie points does not property reflect the function
between these sample points.

24

¢t Compare with figure 29

-7 ’ ‘ o T
Figure 30.  Discrete Fourier Transform Sample
Points ]

Now consider the DFT of samples of the sinusoid}
defined by '

hin) = cosinw,T) = cosind,) where 8, = wpT.

Thus,

N-1
H{g) = T cosind,) e=ind
n=0
N-=-1 \ N1 1 _
- S einde eind + S Lesinty ¢-ind]
n=0 oty 2 |
N=1 N=1 _
e S Leinte-sr e > L gninte+do) |
n=0 r=0
el 1 g

sin{—’z- (0-6,1]
N1 sinf3 (6+6,)]

1 'i{ 2 ]w"ao} 2 0

— e i —— — ’

2 sin[%wﬂ?o}}

which is a pair of kerneis scaled by 1/2 and Iocated
at +@,. See Figure 31. '

Figure 31. Trausform of Windowed and Sampled]
Cosine :




Now note,if 8, is any multiple of 2NE which we call
a DFT bin, then the sample set taken at k%&-r

coincides exactly with the zeros of the kernels. The
sample set will be of the form shown in Figure 32.
But if the angle 8, is not a muitiple of -il-’-", say

midway between DFT bins, then the sample set will
coincide with the local extrema of the kernel. The
magnitude of the samples will have the form shown
in Figure 33.

2 } A
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f I | \
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Figure 32. DFT of Sinusoid Harmonically Rélated
to Sample Rate
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Figure 33. DFT of Sinusoid Not Harmonically Re-
 lated to Sample Rate

We note that a small shift in the sinusoidal
frequency relative to sample rate causas all the zero
sampies of the kernel to come up apparently out of
nowhere. We recognize that the kernel always
exhibits the
. frequencies we are fortunate to sample the side lobes
zt their zero crossing. Qften though, we are not so
fortunate and the samples of the side lobes impart
misieading information to the observer as to the
acwal spectra. So, what do we do? I'm glad you
asked! We apply a different window to the data, one
which has significantly lower side-lobe levels,

side-iobe structure and for certain.

WINDOWS REVISITED

Windows are an often misunderstood and misapplied
stepchild of spectral anailysis. Many windows are
used in machine progessing,not because they are in
some way superior, but rather because they are easy
1o visualize: or are simply generated; or someone
thinks that they perform weil; or”*we've always done
it this way". We will first examine ¢lassic windows
and then demonstrate their performance in a
spectral resclution application.

A word of caution, windows are even functions
about their point of symmertry, If the point of
symmetry is the origin, the evenness requires an odd
number of points. The transform sequences,
however, will have an even number of peoints. How
do we resolve the discrepancy? Easy, we have to
remember that the windows are ' periodically
extended under the DFT sampling. Thus the two
end points are the same point! The triangle wave
shown below demanstrates that one end point
belongs to the beginning pf the waveshape and that
the other end point is the beginning of the next
replicate {Figure 34},

Figure 34. Periodic Extension of Window

TN

|
2 34 65 8§

Pt
-7 =6 =5 =4 a3 =2 -1 0 1

Figure 35. An Even Sequence, on the Circle +7 = =7

Thus the sequence presented in Figure 35 is an
sven sequence under the DFT. Since the seguence is
periodic, it can be shifted so that the end point
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coincides with the origin. The shift, of course, onily
contributes linear phase shift and does not affect the
magnitude response of the window transferm, All of
the descriptions of the windows will assume even
sequences about the origin, When used as a window,
the sequence may be shifted and one end point
deleted. All of the windows now discussed will have
N+1 points with N being even,

Rectangle Windowf Ji(A) = 1.0, See Figure 36.

n= -N/2,...,-1,01...N2

"'fo'f‘;i,—e{j n=-N/2,..,-1,0,1,.. N/2
4 o T R (FN .

_:FWW ke

Rtk (:;: :‘T‘-ﬁ— '..‘I'."i.
n= =N/2,..,-1,01,... N2

Raised cosHW@dow;LHEmmgi See Figure 39.

Gauman Wrﬁdow éSee Figures 40a,b,c.

A kb

This window has an adiustable parameter,
effectively the reciprocal standard deviation 3.

M;Ejghab"yscheg@mdowj See Figures 413,b,c.

This window has an adjustable parameter, the
sige-lobe evel, where $ is the number of decades
that the side-lobe level is down reiative to the
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main iobe. The window is most easily defined]
in terms of its frequency response through thej
Tehebyschev polynomials, The window values are B
obtained as an inverse FFT.

cos {N cos™}e costzfr[%}]l !

FRT! ¢
cosh{N cosh™' {a )] "

where o = cosh[< In(10° + v1028 - 11,
N ]
/2 —tan"[x/ /1 - x*]

X< 1.0

Win} =

and cos !(x} =

¥

'E :

.'_. zz . 1)_

w.-u—' .-

Jxr> 1.0.

et mases Windoww: - See Figures 422,0.c.

This window has an adjustable parameter, the §
time-bandwidth product £.

- A&*r’«“"‘ln tﬂ}r\“&.‘{ W

‘*-c-\-...._mJ_

n = <N/2,..-1,01,.., N2,
= M%)’

where [g{x} = 1+ S- _.__2
k=11 ki

We note in ail the windows the trade-off betweeng
side-lobe level and main-lobe width. When we push B
down on the bumps, the main lobe widens. A good ]
figure of merit for the width can be derived §
according 1o the following reasoning. !

The main-lobe width of any window cannot be less 3
than 27/N, the width of the Dirichiet kernel or
rectangle window. Examining the various windows
we see that each 20dB drop in side-lobe level will;
cost approximately a single DFT bin width, The]
superior windows will exhibit main-lobe widths of
between 3 and 4 DFT bins for side-lobe suppression
exceeding 60 dB.
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SPECTRAL RESOLUTION

wWa now describe a simple exgeriment. We sample
two sinusoids of frequencies IO-IN—Sand 16-‘;—? and of

amplitudes 1.0 and 0.01 respectively, where fs is
the sample frequency. The DFT of the signal is
presented in Figure 43 and reflects our
description of the signal. We now shift the

frequency of the larger signai to 10.5%-which is

midway between two DFT bins. The DFT of this
signal is presented in Figure 44 from which we
cbserve the total loss of the smailer signal in the
side lobes of the larger signal.

We now apply different windows so we can observe
the sffects on detectability and resolution. The first
window is the triangle window, and as expected,the
side lobes have fallen considerably, but not enough.
The second signal is barely detectable {Figure 48).

The Hanning window performs slightly better. The
second signal is positively detected with about a

' 3dB noteh separating the two main lobes (Figure

48),

. . . DeXeping
The Hamming window realizes a deeper notch
between the lobes of neariy 20 dB, but now the

=20 -~
40 +

-60 T

side-lobe structure obscures the rest of the spectra
(Figure 47},

The Dolph-Tchebyschev window easily separates the
wo signals. The side-lobe structure is disappointing.
The reasoning of selecting a window with the
narrowest main lobefor 2 given side-lobe level seemed
to make great sense. It makes sense, but it doesn’t
perform well [ Figures 48a, b, ¢},

The Gaussian window does fairly well. The two
signais are easily separated for reciprocal standard
deviations between 3.0 and 3.5 and the side-lobe
structure is manageable. Here we can see the
diminishing returns of depressing the side lobes at
the expense of main-lobe width. During the change
from 3.0 t& 3.5 to further control side lobes, the
main-lobe width has increased sufficiently to fill the
notch between the two signals (Figures 49a, b, c).

The Kaiser-Bessel window does an outstanding job
in separating the two signals and holding down the
side-lobe levels, For time-bandwidth products
exceeding 7.0, the side lobes are more than 60 dB

"down and the nowch separating the two signals is

20 dB., The Kaiser-Bessel window achieves this
superior performance because it is the window
which, for a given time duration, maximizes the
energy concentrated in the main lobe,

FFT 8in  Ampl,
Signai 1, 10.0 1.0
Signat 2. 15.0 .01

0 10 20 30 40 50

€0 _7:0 80 80 100

Figure 43, Recrangie Window
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FAST FOURIER TRANSFORM

The discrete Fourier transform is a well defined
rrigonometric summation relating a pair of periodic
sequences each of length N. The fast Fourier
wransform on the other hand is merely a coliection
of algorithms lor any one of the collection) which
realizes the required computations with a significant
reduction in the actual number of multiplications
performed. The algorithms effectively factor the
weighted summations into a sequence of shorter
weighted summations. This is done by taking
advantage of the periodicities and the symmetries of
the periodic weighting factors and of the transiorm
itseif. We will first describe the factoring as an
iterative process and we will then interpret the
resultant factoring as & matrix factoring, which we
can describe quite nicely with signat flow graphs.

The discrete Fourier transform is a collection of
equations defined by

= —igink
flnye °N

n=0

Fik} = fork = 0, 1,... N-1,

21

: =i
For the sake of the typist we defineW =g N , and
rewrite the definition of the summation by

N-1 :
Flid = > fln) WK fork = 0,1, N-1,
n=0
It is convenient to recognize that W is a point on the

unit circle, and that WM is also 3 point on the circle
with an angle “‘m’" times thF size of the angle

sssociated with W; that is, ma. See Figure 51.
)
o SR
W = ¢
N = 16

/NW

w’; _//

Figure 51. The Points W Ldentifivd on the
Uit Cirele (For N = 16)

We note that W is periodic in N terms, so that there |
are only N distinct points WM, We can actually co
better by recognizing that half of the points zra |
negative of some other point on the circle; for
exampie W' ? = -W?,

Returning to the expression for F{k), we now
prcceed 1o factor the summation into two
summations, each equal to haif the original length.

N=1
N fnpwnk
d—
n=

Fik) =

L

2
= z l}'(gn)wizn)k + f(2n+1)wiant 1k

n=0
N N

S | > -1

= S fnwank E F2n+1)W2nK wk
n=Q n=Q

But k is selected outside the summation, so we can
factor the Wk term from the second summation.

A
: 2
Thus Fik) = Z flanjwink +
n=0 )
-‘.}-1
wk > fznenwenk.
n=0

or Fik) = Afk) + WK B(K},

where Alk) is recognized as an N/2 point transform '
over the even indexed data points, and Bk} is an
N/2 point transform over the odd indexed dats

points. Notice, stepping around the circle to pick §




up the complex coefficients, now steps across every
other angle; that is,
27

_.27rm
_— IN/2 ;

which is equivalent to saying that we need only N/2
angles for an N/2 point transform,

Let us also examine W{k+g}, the transform point

hal fway list of output points.

Substituting k+¥ for k in Elk) = A(k) + WX B(k],

through the

N .
Fiked) = Akel) + wikr2) B(k+31,

But Alk}) and B(k) are N/2 point transforms and
periodic in N/2 points; thus, A{k-‘%} = Ak} and

B(k*%} = B(k). Also,

N

N
w{k+2} . WK W(Z}
27 /N i
4N
- WK e PN )(/lr\
= Wr e-“r I |
= WK, , \+/

Alk) - WK Bk}

Thus Fik+ g )

The pair of equations,

Fik) = Alk} + WK Bik)

and F{k-!-%) = Alk) - WX Bik),

is the fundamental operation of the FFT. In fact,it
is the only required operation {besides calls 10
memory and to the trig tables).

This operation is called a “butterfly” and has a
signal flow representation of the form

Alk) O ;‘;\ Fik)
Bik) O——-C/ w F{].“.%;_
which is eguivalent to
Alk] O Fik)
Bk}  Qurmen? F{k-'r%],
which is also eguivalent to
1.0 .
Alk ) Eik
k] O -\\ (2 k)
K
w
- N
Bixy O a®, Ftk+-2}.

Now, we ask, “What has the rearrangement and
factoring accomplished?”’ First, we have taken an N
point transform which will normaily require N*
operations and reptaced it with two N/2 point
wansforms and an additional overhead of N/2
complex muitiplies and N complex acditions {one
multiply and two adds for each of the N/2
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surterilies). The N/2 point transforms each require
(N 21 operauons, so the total work load becomes

2 iN/2) + N/2 Mult + N Add,

or N2 4+ N/2 Mult + N Add.

We observe that if N is large {say 1024} then N?/2 is
much grester than N/2, so the total work load is
approximately N?/2 which is one half of the work
ioad of the diregt application of the DFT
summation.

Let's foliow an 8 point FFT through this type of
factoring. What we will do is construct an 8 point
transform by two 4 point transforms. But why stop
there? We can construct each 4 point transform as
two 2 point transforms. We will then see that the 2
point transforms are simply butterflies, so we will be
finished. !n general, we construct a single N point
transform a2s N/2 2 point transforms. We then use
the two points to construct N/4 4 point transforms,
and this continues till we have N/N N peint
transforms.

A processor that performs the computations for an
8 point discrete Fourier transform is depicted
below. Eight points of data go in, and eight points
of DFT come out.

<, O] —_—
£ O—= fr————n T
£ O p———3 T,
£ O———f 8 POINT p———0 r
£ Ow—{ DISCRETE[———=0 F,
£ Ow—et FOURIFR fr——=-e0 F
£, O—— TRANSFORMp—=0 L2
H Ot im0 r

*
-~

Ye look inside the nrocessor and see that someaone
has built the 8 point transform as two &4 point

[

wransforms and then combmed the outputs 1o realize
the B point.

L Qe -
L}

H 4 POINT
1

4 TRANSFORM
)

H
1

£
[ ]

£ 4 POINT
1

¢ TRAMSFORM
)

£ O e

We now ook inside the 4 point processor and see
that the same someone has built the 4 point
transform a5 two 2 peoint transforms and then
combined the cutputs 1o realize the 4 point.
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Finally we construct 2 point transforms. A 2 point
transform is defined by

1 27
-j=nk,
Hik) = 'Z hinle * 2
n=0

or H{0) = h{C} + h{1},

H{1} = h{0) + e=ITh{1} = h(0) - hi1),

But, of course, we recognize this sum and difference
as a butterfly with a weighting factor of +1.0.

Thus the total 8 peint transform with all of the
rearrangerments combined is of the form

i 1
[ PXX N/
AN,
IO;:;(

REARRANGEMENT MATRIX

The rearrangement of the input or of the output of
the in-place computation fast Fourier transform
exhibits an interesting symmetry.

When the number of points being processed is 2P,
the rearrangement scheme is called binary reversal.
If the address {as in an array} is written in binary
form, the rearrangement sends the number in a given

address to the address which is the binary number
reversed.

oo 1 2 Pnt
-
601 \ Xfarm
010 2 ot
011 Xform
100 2 Pnt
[ d
101 Xform
1190 2 Fnt
111 Xform

We can now determine the total work count of the'
FFT. Each stage of the FFT will require the
computation of N/2 butterflies. This represents N/2
compiex muitiplies {one for each butterfly) and N
complex adds (two for each butterfly}. Since each
compiex multiple is 4 real multiplies and 2 real adds,
and a complex add is 2 real adds, we have a total of

%[4M+2A]+N[2A],

or N[2 M + 3 A] Real operations where M denotes a
real multiply and A denotes a real add.

But there are a total of log, N stages for a total of
logs N [N] [2M + 3A]

or Nlog, N [2M + 3A] real operations for an N point
complex transform.

Actually for a more precise count, we recognize that
the first 2 stages of the FFT contain no multiplies;
hence the work count is
llog, N - 2] [N][2M + 3A] + [2]N[2A],
orN [log; N [2M + 3A] - [4M + 2A] .

load is
DFT

For example, if N = 1024, the weork
1024[16M + 28BA], as opposed to direct
computation work load of (1024} [4M + dA],
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RADIX 4 FFT COMPUTATIONS

Again, we start wiih the expression for an N point
discrete Fourier transform

N 27
-I'N nk
Fley = E fin) €
n=0

Factoring, we have

X

5% -;%Mn}k
Fiay = 0 fram ®

n=0

N

i

.27
- &2 (4n+1)k
"E fansn®

4
-1-—i4n+2]k
"':S.. fians2) ® N

n=0

(4n+3} k

i
[0

) -j—"z nk
€ Ttan=2) €
n=0 ~— -
A k)
U
.2:? 4 - 2a
4 -j == 3k -~ m— nk
e N E f{4n+3‘,-e N/4
n=0 “ ~ ___y
A3(k}
. A, (k) + WK A [K)+ w2k AL (k) + WK Ay (K),

This expression is true for any k, and in particular is

true for [k+r -21 1.

Then,
N
N (k+r=} N
Fieer D) = AgikerZ) =+ w47 A e ) ¢
N N
2 (k+r=) 3 {krr )
W 47 ALl k+rﬂ} . W 4 A,tkw-’}).
But  Aglk+rh) = Aglk)
o 4 0 These are putput
N from anu point
Al [k*‘r‘:{] = Al{k:’ 4
transform, hence
A;{k-'-r%l = A, (k) are periodic in%.
A,(k+r-§- = A, ik}




therefore,

Fix) e Aglk) + WK A (k) + WIK A (k) +
W3 A, (k)

Fie D) = Aglkl -WK A, (K - W A (k)
w3k A, (k)

Fike2 3 = Agtk) - WK A (0 + Wik Ay (k) -
w3k A, (k)

Ficea ) = Agtk) WK A k) - WK Az ()

_j'wﬂk AS “()

The basic 4 point butterfly is

Aytes O < < > v rxd
Ay tk} LN S riked
4
1, 1x) . at _XX kg
CL I o 2 :-X e / D rexesp

4 hroint Jucrerfly

Then to compute F{k), F{k-i%'), F(k;z%} and

F{k*3'r:-:'}, we neeg to extract from the faur N/4

peint transforms the outputs A4 (k], A, k), As{k)
and A,lk), and then form the following set of
computations

TEMP 1 = WK A, (k)
"TEMP 2 = wiK A, (k) 3 complex muitiplies,
TEMP 3 = w3k A (k)

TEMP 4 = Ajlk} + TEMP2
TEMP § = Ay (k] - TEMP2

4 complex adds,
TEMP 5§ = TEMPY + TEMP3

TEMP 7 = TEMP1 - TEMP3

and
F k) = TEMP4 + TEMPS Y
Flk+ %) = TEMP4 - TEMPS
N & 4 complex adds,
Fir§) = TEMPS —TEMPT
F{k+3-’§- = TEMPS +TEMP7

for a total of 3 complex multiplies and 8 complex
adds, or a total of 12 real multiplies and 22 real
adds. Thus,each stage of the N point transform will
require N/4 groups of 12 reaf multiplies and 22 real
adds, or '

N
?{‘!ZM + 22A}

or N{(3M + 5,5A) real operations per stage.

But there is a total of%log,N stages in the

transform, for a2 total of

J:_;Iog:N[NISM +B.5A)].

or N logsN{1.5M + 275A]

real operations per
transform, '

Again for a more precise count, we recognize that
the first stage of the FFT contains no multiplies;
hence the count is

[%iog:N-T] N [3M = B.BA] = N [4A],

or Nlog.N[1.5M = 2.75A] - N {3M + 1.8A],




or  N[log:N{1.5M + 2.75A) = (3M = 1.5A}]

real operations.

Now !et us compare the operation count for the
Radix 2 and for the Radix 4 transform, Further, let
us assume the operation [(cycle time) for a muitiply
is equivalent to 10 operations (cycle times) of an
add. Also assume N = 1024, and log. N = 10.
Radix 2.

1024 (iog; 1024} {2ZM + 3A)

1024 {10} (20+ 3) A

1024 {230) A

Radix 4.
1024 (log, 1024) {1.5M + 2.75A)
1024 {10) (15 + 2.75} A

1024 (177.5) A

Or more precisely;

Radix 2.
1024{10(20 + 3) - {40 + 2}]A
1024{230 - 42]A
1024{1881A i

Radix 4.
1024[10 (15 + 2.75) - (30 + 1.5} ]A
1024{177.5 - 315]A

1024{1481A

Thus we sae that the Radix 4 transform can be
perfarmed in acproximately 75% of the time in

u

which 3 given machine performs a Radix 2
transform., Of course, the transform size must be a
power of 4 1o be performed as a Radix 4. | the size of
the transform is not 2 power of 4, say 512 for
instance, the economy of the Radix 4 can be used 10
perform two 256 point transforms and then 3 Radix
2 transform 1o combine the results for the final
transform.

REARRANGEMENT MATRIX FOR RADIX 4
FFT COMPUTATION

When the number of points being processed is 4P,
the rearrzngement scheme for the Radix 4 fast
Fourier transform is called Mod 4 address reversal.
If the address {as in the array) is written in base 4,
the rearrangement sends the number in a given
address 10 the address which is the base 4 number
reversed, The reversals corresponding to a 16 point
transform performed Radix 4 are

0 60 -~ i
1 01 4 point
2 g 2 Xfom
3 01
4 10
s 11 4 point
§ 12 ¥form
7 13
g8 20
4 point
=} 21
Aform
10 2 2
.51 213
12 30
13 31 4 peint
14 3 2 YEozrm
15 3 3 ¥mmrmmmmm - -
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SCALING CONSIDERATIONS

The FFT as an aigorithm processes an array of data
by successive passes at the array. At each pass, the
algorithm performs N/2 butterflies, each butterfly
picking up two complex numbers and returning two
complex numbers to the same addresses, The
numbers returned to memory by the butterfly are
larger than the numbers picked from memory by the
butterfly. In fact, we will now demonstrate that the
incoherent part of the data has an expected increase
of ‘/? per stage,while the coherent part of the data
has an expected incresse by 2 per stage with a
maximum increase per stage of 1 + ﬂ or 2.414,

A typical butterfly is

Aln) G

Alp+1]

Bin+1}

At the (n+1)th pass of the data, the butterfly selects
two data points A{n} and B(n) and_returns to
memory Aln+1) and Bin+1). Let us examine the
squared magnitude of A{n+1) and of B{n+1}

Aln+1) = Aln) +Win} B(n)
B(n+1) = A{n) = W{n) B(n)

AR+ 1R = JA{n}2 + 1BIA)?
+ A(n) W*(n} B*(n) + A*{n) W{n} B(n)

Bin+ 1) = |AIn)? + B(n)P
_ Aln} W*{n) B*{n) < A*(n) W{n} Bin)

Adding the pair !A(n+1){* and iB(n+1}1°, we have
JA(n+1}{? + B{n+1)1* = 2[IAl{n)[? + [B{n}?],
"For random data, the expected value of
IA{n+1)]° is the same as the expected vaiue of

iB{n+1}i% 50 that,

Aln=1)1* = 2 jAln)3,
or Aln=1}} 2 AR

MAXIMUM BUTTERFLY GAIN

The square which represents the range of the
compiex numbers stored in memory of the FFT
processor is

Ikt

+1

| Largest Magrituce

/ Larpest Aaai
el

-1 + R

=1

Both the real part and the imaginary part of the
complex word is constrained to fail between +1 and
-1, which constrains the magnitude to be between 0
and /2 . The first pass of the FFT performs oniy
compiex addition and subtraction. Since the input
to the butterfly is constrained 1o a maximum reai
and imaginary component of =1, the ocutput is
constrained to a maximum component of 2. Either
& prescale by 1/2 is required prior to entering the
butterfly or an extra bit must be available in
memory to accommodate this potential gain of two,
Automatic prescaling shifts out the least significant
bit and represents significant processing noise,
particularly in the case. for which no scaling is
necessary for the pass. Automatic prescaling is better
then no scaling, but not much better, and shouid be
avoided. A much more desirable form of scaling is
data dependent scaling in which sczling [before or
after the butterfly) is performed only if cne or more
buttertlies in an FFT pass will (or does) overflow
without the scaling,

The sacond pass of the FFT performs rotations
through compiex muitiplications by Wi{n) of £90°.
Thus again, if the input components are constrained
to 21, the cutput components are constrained to =2,
Thus, the second stzge of the FFT can at mest
exhibit a gain of twa, The scaling routine must allow
for this possible extra bit.

The third and subsequent passes of the FFT perform
rotations through a larger set of angles which include
the angle 45°. This represents the most siringent
scaling task. icomplex number with maximum
magnitude {,'2 | can be rotated through 45° and

tn
m




added to a maximum real or imaginary component
of =1 for 2 maximum ouIput COMPonent of 1+, 2

This is demenstrated Dy

W
Ta

Bin}

- 2l e AL
Ain}

3
Alné1} = Alnl+¢"T3 Blm
Alme1) » 184937
- 74147

=1

Thus the maximum gain per stage is greater than 2.0
and is actually 2.4142.

Prescaling data before the butterfly can represent 2
maximum loss of two bits of significance, which is,
of course, undesirable. Post scaiing (up 10 two bits)
after the butterfly upon detection of overfiow will
require muitiple passes through the array 10 scale
cata already returned to the array by previous
butterflies before the detected overflow or
overflows. For very high speed processing, this is
unacceptable.

DATA DEPENDENT SCALING

Both the highest speed operation and the best
computational noise performance aof the FFT- are
realized by an architecture which aliows the up t©
wwo overflow bits from the butterfly 1o be returned
to memory. This requires the 16 bits for data and 2
extra bits for overflow for memory of 18 bits per
complex component (36 bits per compiex word),
£

(f any word in memory has an overflow bit set, all
words are right shifted (the necessary one or Two
hits) as they are cailed from memory for the next
pess of the FFT. Of course, no scaling is performed
unless the overflow bit{s} have been set by the
previous pass. Then, total number of right shifts, p,
executed during the FFT is available at the output
of the FFET as a scale factor of 2P. This scale factor
must be applied to the output of the FFT so that
total processing gain is nroperly presented. Right
shifting the entire array when required at each pass
and accurmulating the count of the number of shifts
ie known as block floating point orocessing.

in
(o))

SIMULTANEOQUS N POINT
{REAL) TRANSFORMS

Suppose we have two real sequences

finl ; n

i

o

N

=z
i

1
o
-l
»

gin} ; n

and we wish to obtain the transforms ot both
sequences. We have seen that the transform of the
real sequence f(n} + O, that is, Fik) = RL{F{k}]
+ JIM{F (k) ],exhibits the following symmetries;

RL[F{k]] = RL[F{N-K]]
i.e., RL partis even,
= RL[F(-ki}]

IM{F(k)} =~ M{F(N~k}]
i.e., IM part is odd.
==|M{F({=k)]

Then the transform of the “‘compiex” segquence fin
+ j gin}, {the first sequence loaded ‘into the rea
array, and the second seguence ioaded intg th
imaginary arrayl ca2n be decomposed inta th
complex sequences Fik) and Gik) by virwe of th
even and odd properties of their respective reai an
irmaginary parts. ’

If we define the transform of the complex inpu
sequence as i

Zik) = X{k) +jY{k},

where
Ztk) = FFT{f(n + jgin}]
= FFT{fin)] +] FFTlg(n}]
= F{k}) + | Glkl.
But £(k) = RL{F(kI]+] IM[Fik}}

EV[F(k}] +j OD[F(X)],



and Glk) = RL[G{k}]+] IM{G(k}]

= EV[Gik}]+| OD{G{Kk}],

then

20k} = {RLIF(K)] + | IM[F{k}]} +
i {RLIGIKI] + | IM[GIkI]}

= [RLIF(KI] - IM[GIK)]} +
j {IM{F(k}] + RL[G(K)]}

= {EVIFIK)] - OD[GWIT} +

b
Xik}
j {OD[Fix)} + EVIGIKI],
L _—

v
Yik)

trom which we obtain the following;
RLIFIK)] = Xiki = Xi-k): k = 0, .. .%‘--1

RL{F{-k}] = RL{F{k}}

IM{F(K)] = YIK) - Yi=k} : k = O,...
IM[F=k}} = =IM[F{K}];

ALIGIK)] = YIK} + Y(=k) ; k = O,...7=1
RL[G(-k}] = RL{GIK}];

IM{GIK)] = Xi-k) = X(K) ; k = o,...-;iq

IM[G{-k}] = -IM{GIk)].

Thus we see 2 method of performing two N point
transforms in the time duration necessary 10
perform one N point compiex transtorm plus the
overhead to compute the odd and the even parts of
the real and of the imaginary parts of the resultant
" transform.

DOUBLE LENGTH (2N}
REAL TRANSFORMS

Suppese we nave one real seguence
ftd o= 0,1,2,...., 2N=-1

and we only have access 10 an N point (complex)
wansform. \We can perform the oJdouble length
transform by partitioning the sequence Into two real
sequences of length N, perform the simultanegus
transforms outlined on the previous bage and then

combine the results wusing the foliowing
observations;
2N=-1 -i_Z,_-._nk
Fiki = > finle 2N
=0
N=1 s
- (2n}k
= S fzme N .
n=_
N-1 2T
- (2n+1)k
> fmene N "
=0
N-1 .27
- nk
= S. jlente N +
=0
L v -
Alk)
27 . N-1 27
- k ~j &= nk
e 2N S ft2n+i) e N
n=0 :
L v "
Bk}

- &k
x Alk) = e 2N Bk,

where Alk}) and BIk} are the transforms of the even
indexed and of the odd incexed data points, If the
even indexed data points are ioaged into the real
array and if the odd incexed data points are lcadec
into the imaginary array, then the decomposition of
the previous section must be used 10 obtain Alk)
and B!k} If we denote X(k} = jY{k} as the
wransform of the sequence f{2n} =~ f{2n=1}, we can
ootain the desired transform Slk) from
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Fik} = Ak} + [Cik) =j8{k}] Bik]

= [X{k)+X{=K} ][ Y (K)=Y{=k}]
HCIKI-ISIK) YK=Y (=) |=j{ X k)~ X{-k} ]}

= [X{KI+X{=k}+C(k} [Y{k}+Y{-k)]-S{k}
[X{k)=X{=k} =i {[ Y{k}=Y{=k))-Cik)}
[ X{k}~X{~k}]-S(k} {Y{k}+Y{-k}]},

In terms of storage, the original 2N data points are
loaded into the 2N point array (N real. N
imaginary). N complex numbers are generated by
the transform and the linear sum above is used to
generate the first N complex numbers of the 2N
point transform F(k). The second set of N points are
not computed because, one, there is no room for
them without auxiliary storage, and two, they are
available in terms of the conjugate images of the
first N points;

ie. F{2N-k) = F(-k) = E*(k},
or  RL{F(k}] = RL[F{2N-k}]

IM{F{k)] = —IM{F(2N=K)].

OTHER VARIANTS OF THE FAST
FCURIER TRANSFORM

The algorithm we derived as the fast Faurier

_transform is characterized by the need to re-order

the input data. We called this “decimation in time’’.
The zlgorithm was aiso characterized by in-place
computations, This is one ‘of many possible
implementations with these characteristics. There
are algorithms which allow the data to be processed
tn natural order and stll allow in - place
computations, These algorithms will have 1o have
the output rearranged, and the rearrangement is
identical to the one we derived. Other forms of the
algorithm allow input and output data to be

. available in natural order, but we then lose the

in-place computation and the symmetries so
implied,

[.et us derive (rather rapidly} some of these other
‘orms of the algarithr. Our derivation will rely
voon twa chservations: first, the reordering matrix
TR{is irs own inverse, i.e. (R} [R] = {{], and second,

[$]1]
L}

the transform matrix (W] is its own transpose, |.e.
(WT = vl

Now, staruing with the transform in its facrorec
form

Fo= (w7
F = ([Al] (IB)] ({C] [R] ]

we identify this as a Type | algorithm,

Now, since [R] [R} = [I], we can interpose the
identity matrix throughout the Type | algorithm.

Then F = [RI[R][IA
en { [lli It IHH[II][R][[BII

{RI[RI(IC] (R} T.
i

N;w,regrowing an [R] as a pre and a post multipty
to each of {[A]], [[B]], and [[C]],

F = [R] {IR}{[ANI[R)] {IRI{(E]}[R))
[IRIIICN R T,

We identify thisas a Type i} algorithm.
Now with F = [{W]] F

awn’ 7
{lanusiieny 77
(RIT e (e )T (anT 7
8ut [R]T = [R]

ni
f

Qr

T
[}

tus,  F = [RI[[C)T o) qanT 7
We identify this as a Type I1] algorithm.

Now returning to the Type I algorithm,
F=[IwW]] f

= [w]T 7

= [[RIURIIANRD (IR} (8]} {RY)
RICHIRMI T T

= RS RBT ((RIBY (AT
ARIIAIRDT (R)T 7,




But{R}T = {R],

We present the signal flow graphs of the TYPE |

thus  F = ([RIICH[RNT ([RI[BHIRDT through the TYPE [V algorithms on the next pages.
(R][[A]) [RI)T (R] }-‘ QOther algorithms can be formed by omitting the {R}
{R] products from any of the interposed positions
or F = {{R][IC]]T[R]} ([R][[BI]T{R]} used to construct the Type' H algorithrr?.. These
T - farms would not reflect the in-place capabilities of

{((RI{[A])" [R] {R] f. the fast Fourier transform.

We identify this as a Type IV algorithm,
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